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SUMMARY

A method for fitting mathematical functions to experimental chromatographic
peaks is described, with special reference to those gas—solid chromatographic peuks
that have particular fitting difhiculties owing to their high degree of skewness. The
method was used with different functions and with peaks of diverse characteristics.
The computer program used for the calculation and the different results obtained
are also discussed.

INTRODUCTION

A knowledge of the mathematical functions that describe chromatographic
peiks is fundamental towards the optuimization of the calculations and for obtaining
better results in gas chromatography. such as the calculation of the peak area (when
an integrator is not available)'. the resolution of overlapping peaks®* and physico-
chemical studies based on gas chromatography®-~.

In gas chromatography. as the elution curves give the variation of concentration
with time at the exit of the column. they can be represented by curves of density
probability following a d2termined statistical distribution. We have utilized this
approach in most of the cases studied.

It is in gas—solid adsorption chromatography in which it is most difficult to
Know the exact shapz of the chromatographic peaks. as the bands are usually very
asymmetric. with a vertical front and a very protracted tail. For this reason. the
present study of mathematical functions is centred mainly on those that take asvm-
metry into account as an important factor. This problem has been dealt with by
several workers. including Anderson ¢r ¢l.f. Grushka er «l”, Gladnev er al® and,
more recently. Chesler and Gram”. who employed for the first time a method of
adjustment on the basis of a convolution function. the result of which i1s expressed
in analogue form so as to make poassible a selective modification of the adjusiment
parameters: these workers used as many as eigiit parameters in order to achieve
their aim. In the present work. we have obtained an iterative adjustment of peaks
on the basis of an automatic non-linear regression. several functions being successively
emploved. In the method proposed. no special calculation or measurement is required

® To whom correspondence should be addressed.
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for the estimation of the initial data of the iteration, nor is any complementary in-
strument necessary: the recorded graph and the corresponding computer suftice.

The best known functions for the desciiption of a chromatographic peak that
we have found in the literature are summarized in Table I.

METHOD OF FITTING

Once the various functions that we have described briefly have been studied.
the main problem is to establish which is the most adequate mathematical function
for each case (given an actual peak) and which are the values of its parameters. In
this section. we describe the mathematical method employed in order to obtain the
parameters of each function. in the most exact form possible. thus obtaining a correct
mathematical expression for it. With this aim. we considered it convenient to try a
fitting method that would provide an equation that adequately describes an actual
chromatogrim.

The adjustment method selected 1s that employed by Law and Bailey!?. based
on the known method of least squares. which is made applicable to any type of
function through a technique of general. non-linear. regression. This method has
been emploved previously in problems related to gas chromatography by Cam-
preciés and Gassior®.

In order to effect the adjustment. a simultaneous variation is made of all the
parameters that occur in the function considered. until there are obtained. through
successive iterations. some parameter values such that. given the experimental points,
the function presents a minimal mean quadratic error.

Consider a function of the type

Y= (N N N3pe oo N Bye Bai By L Bn,-)it’_.- ()
where

r; — dependent variable:

x,; = independent variable:

B, = function parameters:

i = 1.2.3. .... n=number of points:

j = 1.2.3. ... m=number of independent variables:

k = 1.2.3..... np=number of parameters:

¢, = experimental error.

If this function is developed into a Taylor series. terminated after the first
derivative. and brought in the assimilation 1B, ~dB,. we have:

N : Y o N fo Y .
¢ = O + (‘(—E‘) -AB, + ((;{7) “AB>+ ...+ (E(_;—)ABk-i'... )
g § 2 k.

where [ is the iteration order

AB =B, " '—B,’ (3)

so that, in each iteration there is a linear increment of a non-linear functicn.
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The condition imposed is that the mean quadratic error should be minimal:

¢ X s;
_‘il_ =0 (+)

where S;=1¥;-—; (in cach point)
The system of equaitions to be solved in each iteration is of the ivpe:

Alb>=fe>: A A1b>=A" [e>:]b>=(4T-4) 74T > (5)
where
P
4 =matrix of the elements: ( f—"—) :
- \( IYH

i b > =vector of the unknown: 4B;:
ic> =vector of the errors: S,.

In order 1o solve the system. some initial values are given to B; aad. it the
scheme converges for values of B, that minimize X'S7. the vector {b> represents the
18, values. and therefore eqn. 3 can be solved for B, 7!, These new values cun then
be used in the next iteration. and thus successively, until . 18; eventually becomes
nceligible. The limitation of the method lies in the fact that it may lead to divergent
values If the initial parameters calculated are not in the region of the correct values.
However. if some “restrictive” factors are introduced. the convergence is alwavs
obtained.

APPLICATION OF THE METHOD TO CHROMATOGRAPHIC PEAKS

According to the above discussion. a chromatographic peak is of the type
y=o.B, . B,..... B,,)

where time (7) is the enly independent variable and B are the parameters: in all of
the functions presented here. their number varies from 3 1o 3. according to whether
the shape diftfers more or less from that of a perfect Gaussian peak.

The nomenclature used is as follows:

B, ==height of the peak:

B.:==retention time:

By-=standard deviation:

B,=skewness:

Bs==cxcess.

Hence 1t is correct to apply to a chromatographic band the method of it described
above.

However. when attempting to work with any of the proposed functions. the
problem arises of how to estimate correctly the initial value of the parameters in-
volved in each of them. The answer is simple when there are symmetrical (or virtually
svmmetrical) peaks. but is more diflicult when the asymmetry of the peak 1s consider-
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able, because in such cuases even the parameters of direct measurement, such as
retention time and peak height. are modified. For this reason. we believe that the
best means of calculating the parameters of the different functions is through the
statistical moments of the variable. defined as follows.

Statistical moments of the variable with respect to the origin:

o c()-1'd1

Hi; =J——————‘f, ¢

Yo o(r)-dr
Statistical moments of the variable with respect to the mean:

m; = fo c@)-(t—m)'di
) lo c(1)-dt

where
c(1)=peak profile.

The computer applies the “method of trapezes™ for the evaluation of the
integrals in the above expression with the sume points used in the adjustment.
In 2 statistical distribution. it is verified that:

X = m;

2 —_

G = >

P

. a1
E =—%-3

o

>y
(]
It
~
b
|
=
-
™

By=c=, h1,
=
B_‘=S= :
&
. in
[

We find the height in the middle of the distribution by means of the following
equation:

Yo = (.AO(IR' hm;u.‘ Il\'* G. S' E)

where /1. is unknown.
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As we have already indicated, the values of both B, and B, do not correspond
exactly to 75 and to the maximum height when the peak Is very asymmetric.

PRACTICAL APPLICATION

From the above discussion. one can appreciate the complexity of the calculation
involved in this fitting procedure. In order to make it easy to apply. a program has
been designed in Fortran 1V and operated on an IBM 1130 computer. The program
15 written in such a way that several alternatives of calculation exist that can be
selected by the use of cards or by entering the data by means of a conscle. The scheme
of the program is shown in Fig. 1.

DATA
INPUT
QPTIONS Difterent expcnswens
I 1 1 at Teylor series tor
20 FUNCTIONS the funciion chosen
t i t t

LINZAR CALCULA-
TION OF PafAa-
MZTEARS

Yes

Fig. 1. Scheme of computer program (PAPAT).

The program functions as follows. First. the data are introduced. which consist
of peak identification. points on the chromatogram and indicator of the function
chosen. followed by the calculation of the statistical moments by means of the above
equations. After finding the function which has been indicated to it. the program
applies the method of adjustment discussed above. calculates the derivatives. finds
the new value of each parameter and compares the result with the maximal error
allowed for each furction. According to whether the difference between y; and
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@; is larger or smaller than this error, it proceeds to work on a new iteriation. or else
it writes the results and goes on to calculate a new problem.

This program can calculate any type of chromatographic peak. employing as
many mathematical functions as may be desired. In fact, it is able to work simul-
taneously with a maximum of ten different functions. We have worked with only
four tyvpes of functions. namely the Gauss. Littlewood. Grubner and Gladney tyvpes.
and, in general. we obtained satisfactory results.

The calculation program is applicable not only to chromatographic peaks. but
also to any type of problem in which 1t may be desired to fit to a set of experimental
points a curve following a given statistical distribution.

" RESULTS

The results obtained in our work differed according to the tyvpe of peak studied.
Some individual cases are described briefly below.

For actual peaks obtained in gas-liquid chiomatography the result is always
coherent. i.c., the curve adjusts itself to the actual points. within a margin of minimal
error (Table il). However. with peaks obtained in gas—solid chromatography. the
agreement is less satisfuctory. as the moments obtained are different from their actual
vilues (Table HI).

TABLE 1
EXPERIMENTAL PEAK (GAS-LIQUID CHROMATOGRAPHY)

Number of data points: 21, Maximum allowable tolerance of parameters: 0.01.

Paramerer Inirial Fitred paramercrs

calculuared T e s - ST s T T e e
verlue Guuss: nunther Lirtleweood: number  Grubner: nunber
of irerarions =2 of frerations =2 aof iterarions=06

Height 6.030 6214 6211 6.139

Retention tine 5.618 5.632 3.652 3.666

Stindard deviation 0.115 0.106 0.106 0.109

Skewness 0.361 — - 0.515

Excess —0.522 ) - - 0.051

TABLE 1

EXPERIMENTAL PEAK (GAS-SOLID CHROMATOGRAPHY)
Number of data poinis: 20. Maximum allowable tolerance of parameters: 0.01.

Puramerer Inirial Firted parameters
('tl[(’ll[(lll.’l[ T TTETTTT Tt _"‘_ T o mmmosm o mmmoTTemm e o ormemn e Tt T omTT
veilue Gaiss - Lirtlewood: Grubner: Gladney:
number of number of number of number of

frerations =3 jrerations=3  iterations=9  iwerarions = 11

Height 12.327 13.650 13.675 16.632 11.219
Retention time 38.263 37.831 37.8349 38131 353910
Suindard deviation . 2.281 2017 2.015 1.937 . 0.839
Skewness 1.906 — — 1.087 1917
Excess 7.012 - - 1.323 —
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We have also examined theoretical peaks generated by the functions studied. for
which fitting by means of other functions presents no problems. so that the correctness
of the choice of the functions studied and. at the same time. the acceptability of the
method could be confirmed (Tables [V-VI).

TABLE IV
THEORETICAL PEAK (GAUSS)
Number of data points: 13. Maximum allowable tolerance of parameters: 0.01.

Purameter Initial Fitted puranmeters

calcrlated S - e .
value Gauss: Littlewood: Grubner: Gludney
mnher of nmher af number of

frerations=1  frerations=2  fterarions=3

Height 20.000 19.998 19.842 19.992 -
Retention time 8.000 7.999 8.063 8.000 -
Smandard deviation 1.993 2.000 2.009 1.997 -
Skewness 0.399-10-= - - — 0.683-10- -
Excess —0.035 - — —0.966- 10 -
TABLE V

THEORETICAL PEAK (GLADNEY)

Number of daia points: 28, Maximum allowable tolerance of parameters: 0.03.

Puaramerer Inirsal Firted paramerers
('(ll("ll[(lf(’l[ e oo - - - -
verlue Garess: Lirtlewood: Grubner: Gluadiey:
miemher of number of nuntber of nunther of
frerations =2 iterations =2 frerations =3 ferationy =3
Height 2223 21.750 21.556 RINE R 16.332
Retention tine 14.719 11.570 1-1.5390 14.902 13.603
Standard deviation 1.398 1.110 1.127 1.219 0.697
Skewness 1.036 - — 1.031 1.393
Excess 2.029 - — 0.266 -
TABLE \I

SYMNMIETRICAL PEAK
Number of data points: 31. Maximum ailowable tolerance of parameters: 0.01.

Parameter Iuitiul

Firred paramierers
calculared e - S
velue Guauss Littlewood: Grubner: Gludney
neember af number of number of
fterations =23  irerations=3  [levations =-§
Height 128.297 1-16.399 145726 125973 —
Retention time 30.000 30.000 30.047 30.000 -
Standard deviation 1.190 3841 3.861 3.309 -
Skewness —0.388-10- — - -0.105-10 2 —

Excess —1.482 — - —1.521 -
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Of the functions studied, that which presents the greatest difficulty of fit is
that of Gladney er al®, even when the peak is almost Gaussian in shape. This
1s a reasonable resuli. because the convolution becomes the product of infinite
and infinitesimal terms when the skewness is also infinitesimal. From the formal
point of view. we can climinate this indetermination. but this is not possible when
purely numerical work is carried out in.a computer. where the precision is finite.

Contrary to the function given by Gladney er a/3. the function that shows
adjustment. in general. for all peaks with a lower error with regard to the actual
values is that of Grubner'?. This result is logical. as functions of a polynomial type
are usually a perfect substitute for any other type of function. if the parameters are
adequate and the number of terms in the polynomial is not too small (Table VI
and Fig. 2). :

For the maximal error allowad. we have established 1n most cases a valee of
G.01 unit. In some cases. however. a convergence for 2 tolerance of 0.01 unit
has not been obtained. while a convergence has been obtamned. allowing o larger
crror of the order of 0.05 unit. Also. in other cases. the contrary occurred. ie..
when the tolerance was reduced to 0.001 unit. the result remained coherent. The dis-
crete nature of the system of adjustment (in the sense of net having a function. but
only several points). does not preclude that some local minima with no refation to
the chromatographic peaks could be obtained. This effect results in some fuactional
parameters devoid of sensel such as 2 negative standard deviation.

TABLE v
COMPARISON OF RESULTS OBTAINED WITH SOME FUNCTIONS

£ X
(experimental )

Experinmental Gauss Litilewovod Groabner Gluduey-
(3 frerarionsy A3 fterations) (¥ irerations)y (1 frerations)

2100 010 217 205 .14 0.2y
35.00 232 196 191 RN R Bl
3550 6,80 6.83 6.50 6.80 6.50
36.00 1145 N80 393 10.01 10.78
37.05 14.57 12.52 12.65 1349 15.21
37.30 14.03 13.37 13.36 14.00 11.55
38.00 1291 13.58 13,59 13.50 12.96
38.50 11.80 12.97 12.92 11.63 1119
39.00 10.16 11.65 11.57 9.67 9.59
40.00 7.37 7.83 7.79 7.01 6.9
4100 5322 412 418 3.60 5.06
12.00 345 1.69 1.87 3Nz 368
13.00 223 0.51 0.63 1.85 2.68
41.00 145 0.13 0.18 0.60 1.95
16.00 0.39 0.00 0.00 0.01 1.03
18.00 0.34 0.00 T 000 0.00 0.54
50.00 0.25 0.00 0.00 0.00 0.28
32.00 0.20 0.00 0.00 0.0 0.15
51.00 0.11 0.06 0.00 0.00 0.08

36.00 0.00 0.00 0.00 Q.00 0.04




(a)

. X
.
ol

Fiz. 2. Shapes of experimental (———) and calculated (-~ —~ ~ —) firting peaks for acetic acid.
Flow-rates of carrier gas: (2). 60 mifmin: (b}, 30 mi/min; (), 15 mi/min.
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