
Jo~r~d c;‘_ Cil~-:~,,Iaro~r~tpl~~, 95 (1974) I -27-l 57 
i> Elsevier Scientific Pubiishing Company. Amsterdam - Printed in The Netherlands 

CHROX.1. 7451 

NON-LINEAR FITTING METHOD FOR RECORDED CHROMATOGRAPHIC 

PEAKS 

It is in gas-.;olid :ldSOrptiOil ciiri~mnrogr.tp!lvltogrxp!iy in which it i5 nio;t diLficult Iu 

knO\V the eI:lct shap: of the chromato~rrrpflic ptaks_ as the b;tnds arc UiU3ll?_ vsr> 

asynmzetric_ \vith ;L vertical front and :t very protracted tail. For this rcasoli. the 
present study of niathcnirttic:tl functions is centred mainly 03 those that take x2cym- 
merry into xcount as an important t_xxor_ This problem has brm derrlt \\_ith by 
srveral \sorkcrs_ including Andcrwn ~c crl.“. Grushfa cv (II-~, Gfadnev LJI al.” md. 

nwrc recently_ Chcslsr tend Gram“_ \Vil0 t3llplo_ved for the iirst time :I illCtf3Od Of 

adjustment on the b:Gs of :L convolution function_ the result of_ which is cspreswd 

in :lnaloguc form SO ;E to make pxsibfe ;L selective mo3ific;ntion of the :~dju~tnwnt 

paramctcrs; these workrr~ use;i as many as eight p.lr~lmrtsr5 in order to xhievc 
their aim. In the present work. we h:zve obtaine3 XI iterative adjuitnxnt of peaks 
on the basis of an automatic non-linear regrcs<ion_ several functions being successivdy 
employed. In the method proposed_ no special c~~loufation or uwasumnent is required 
__- .~_ 
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for the estimation of the initial data of the iteration, nor is any complementary in- 
strument necessary: the recorded graph and the corresponding computer suffice_ 

The best known functions for the description of a chromatographic peak that 
we have found in the literature are summarized in TabIe .I. 

METHOD OF FITTING 

Once the various functions that WE have described briefly have been studied_ 
the main problem is to establish which is the most adequate rnathematicrtl function 
for each cast (‘given an actual peak) and which are the values of its parameters. In 
this section_ we describe the mathematical method employed in order to obtain the 
parameters of each function_ in the most exact form possible, thus obtaining :t correct 
mathematical expression for it_ \\‘ith this aim. xve considered it consenient to try ;1 
titting method that \vould provide an equation that adequately describes an actual 
chromatoyam. 

The adjustment method selected is that employed by Law and Bniley”. based 
on the know1 method of least squares. which is made applicable to any type of 
function through 2 technique of g~~lei~~l. non-linear. regression_ This method has 
been employed previously in problems related to gtts chromatogrttphy by Cam- 

precicis and Ga5~iot”. 
In order to effect the adjustmtnt_ a simultaneous variation is made of a11 the 

parameters that occur in the function considered. until there are obtained_ through 
successive iterations. some parameter values such that _ given the esperiniental points, 
the function presents 3 minimal mean quadratic error. 

Consider a function of the type 

(1) 

_Y~ z dependent variable: 
s,; = independent vrrrisblrr 
Bk = function parameters: 

i = I_ 2_ 3_ ____ rl=number of points: 

i = I_ 2_ x _--_ ~~r=number of independent variables; 

k = 1. 1. 3. ___. Iy=number of pactmeters: 

“J- = experimental error_ 

If this function is developed into a Taylor series. terminated after the first 
derivative. and brought in the assimilation ABA2dBk_ we have: 

whrrc i is the iteration order 

AB,=B,“‘-B, i (3j 

so that, in each iteration there is 21 linear increment of a non-linear functic.n_ 
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The condition imposed is that the mean quadratic error should be minimtdr 

(- ;*; 

i= t ---- = i) 

i-B& 

nWr~ S,=_ri---pi (in each point) 
The system of equations to be soIvsd in each iteration is of the type: 

(4) 

A = nzatris ot’ the elements: : 

i b > = vector of the unknou~~ : A Bj: 

ick- =vtctor of the errors: Si_ 

In order 10 sofvc the system. some initial V&.I~S art‘ given to B, and_ if the 
schrmcconvcrges for \-alucs of Bk that minimize AX:_ the \-ector jh> rcprcwnts the 
_I& values_ and therefore cqn_ 3 can lx solved for Bki I_ These ne\\’ value?; can that 
be u?;tx! in tfw next irerruion. and thus succ~~sivel>-. until . lB& cvcntu:dl~- ~YCOIU~S 
nc~iigible. The limitation of the method lies in the &-act that it ma_v fcacl to ciivcrgent 
vaiues if the initial parxmeters calculated ttre not in the region of the correct \alucs_ 
Howeva-_ if some ‘-restrictive‘- t-xtors are introduced. rhc convcr~cncc is :tI\vays 

obt:rincd_ 

v.-here time (i) is the only independent vru-inbl c anJ B :u-e the p:lr:lill&x5: in all of 
the functions presented here_ tfxir number \-aria from 3 to 5. accordins ta kvh&her 
the shape ditkrs more or less from tfltlt of :L perfect Gaussian pcrtk. 

The nomenclature used is ;LS follo\vs: 
B, -- height of the perk; 
B, =: retention time: 
B3 ~=standard deviation: 
B4---skswnes~: 

Bs-c_xccss_ 

Hence it is correct to apply to a chromatogrr~phic band the method of fit dcscribcd 

above. 

Hoxcwr.. when attempting to \vork with any of the proposed f‘unctions. tfle 
problem arises of how to estimate correctly the initial value of the parameters in- 

voivec! in each ofthem. The ;Lnswer is simple when there art’ symmetricnf (or virtua!fy 
symmetrical) peaks_ but is more ditlicuft when the asymmetry of the peal; is consider- 
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able, because in such cases even the parameters of direct measurement, such as 
retention rime and peak height. are modified. For this reason_ we believe that the 
best means of caIcuIating the parameters of the different functions is- through the 
statistical moments of the variable. defined as fOllO\~S. 

Strttistical moments of the variable with respect to the ori$n: 

Stntisricr~l moments of the \-ariabIe with 

rii_ = J;Ic(z)-(f--111,)‘dr 
1 

j’-C(f)_dr _ 1) 

\vhere 

respect to the mean: 

C’(f) = peak profile. 

The cokputer applies the “method of trapezes” for the evaluation of the 
integrals in the above csprcskn with the smnc points used in the adjustment_ 

In ;I %atistical distribution. it is \-criticd that: 

- 
s _ “‘3 

2 
_- 

E =!!!A_3 
fiz 

B,=S _ Iii3 
G3 

We find the hei$~t in the middle of the distribution by means of the foliowing 
equation : 

- _I 111&\. = qp(rR. h,,,,,_. rH_ cr..% E) 

where /I,,,,, is unknown_ 
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As we have already indicated, the values of both B, and B, do not correspond 
esactiy to fR and to the masimum height when the peak is very asymmetric. 

PRACTCCAL APPLICATION 

From the above discussion_ one citn apprcriate the complexity of the calculation 
involved in this fitting procedure_ In order to make it easy to apply_ a program has 
been designed in Fortran IV and operated on ttn IBM 1 I30 computer_ The program 
is written in such a way that several alternatives of caIcuIation esist that can be 
selected b_v the use of cards or by entering the data by means of ;1 console_ The scheme 
of the prostam is shown in Fig_ I _ 

The program functions as follows. First. the data arc introduced_ which consist 
of- peak identification_ points on the chromatogrtlm and indicator of- rhe function 
chosen_ followed by the caiculation of the statistica moments by mc;uis of- the above 
equations_ Af-ter finding the function which has been indicated to it_ the program 
appks the method of adjustment discussed above_ cxfculntes the derivatives_ finds 
the new vtlIue of each Farameter and compares the result lvith the masimal error 
allowed for each function. Accordins to whether the difference betlveen _ri and 
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‘pi is larger or smailer than this &or, it proceeds to work on a new iteration. or else 
it writes the results and goes on lo calculate a new problem. 

This program can calculate any type of chromatographic peak_ employing as 
many mathematical functions ;LC may be desired_ In fact, it is able to work simul- 
taneously with a masimum of ten difkent functions_ We have worked with onIy 
four types of functions_ namely the Gauss_ LittIewood_ Grubner and Glrtdney types, 
and. in geneml. \ve obtained satisfitctory results. 

The calculation program is applicttble not only to chromatographic peaks_ but 
also to any type of problem in Lvhich it may be dssired to tit to a set of esperimental 
points 9 curve following L *L given statistical distribution. 

REStiLTS 

The rewlts obtained in our work diIl>red according to the type of ~cak studied. 
Some individual cases are described briefly below_ 

For acrual peaks obtained in gas-liquid chx omatographv the result is always 
coherent_ iv_, the curve adjusts itself to the actual points_ u ithin a margin of minimr~! 
error (T&k it). However_ with pcak~ obtained in = **as-solid chr oniatogmph_c-_ the 

agreement is less satisfactory. as the moments obtained are dill-erenr from their actual 
values (Table III)_ 

T-ABLE III 

-_ --- 

Height 12.317 13.650 1 j-675 16.63’ Il.219 
Rcrmrion rinir 38263 27.53 I 37.s-w x-13 1 35.9:0 
Srandard devixion -__. ’ -WI 2.017 2.015 I.037 0359 
Sks\vnrss I .906 - - I .OYi 1.917 
ESCL’SS 7.01’ - - 1.325 .- 
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We have Aso esnmincd theoretical peaks gzenemted by the functions studied. for 
which fitting by means of other functions presents no problems. so that the correctness 
of the choice of the functions studied and_ at the sm~c time. the acceptability of the 
method couid be confirmed (Tables IV-VI). 

- _ - 
Hsizht 115.191 I-16399 I-IS.726 1’5_97; - 
Rrtcntion time ~0.000 30.000 30.017 30.000 - 
Stafxinrd dcvi;:tion 1.190 32x1 3x11 3 .3 0’) - 
Skewnt3s -_o_.iss- IO-’ - - -0.105-10 -1 - 
Esccss - 1 .JYZ - - - . I.511 - 

._.~_ ._.. 
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Of the functions studied, that which presents the grtxttcs;t difticulty of fit is 
thnt of Gladney it nl_“, even when the peak is almost Gxtssian in shape_ This 
is ;t reasonable rewlt. becmse the convolutio;l becomes the product of infinite 
and intinitcsinml terms when the skewness is also infinitesimal_ From the formtl 
point of vie\\,_ we can eiitninate this inJcterminatior_ but this is not posrib!e Cohen 
purely numerical kvork is carried out in ;t computer, \vhcre the precision is tide. 

Contrary to the function = 4ven bv Glttclnev ct Q/_~_ the function t!xtt sho\vs _ 
;lCijUSttl~eilt. in gcnetxl. for all peaks \kith a Iaver ermt- with regard t0 the :tctual 
values is that of Grubner’“_ This result is logical. as functiom of ;t ~oiynotni:tl type 
are usually ;t perfect substitute for any other type of- functiot?_ if the pm-xnwtet-s are _ 
xiequate and the number of terrt~s in the polynotnial is not too snxtll (Table VII 

and Fig 2). 
For the tnasitnal error :tllo~i-ed_ \ve have estttblished in mosi c;tst’s :I v:rlue of 

6.01 unit_ In some cases_ ho\vcwr_ ;I convergence f0r 2 roieetnce of 0.01 unit 
has not been obtained_ \vhile ;t convergence ha been obtttinec!. :illo\\-iti: 2 iat-get- 
error of Ihe order of 0.05 unit. Also. in other cases. the COIltKLiy i~cctirred. ix.. 
\vlicti the tolerance \\;ts raiuccci to 0.001 ilnir_ the resulr retn~Iined cohct-air. The c!iS- 

crew ti;tturc of tlic Syiitt‘ni of adjustnit‘nt (in tiic wnSr3 of tact having a litncrion. but 

otil~ Smxx-31 points). does not I-.recIuJe thst soii3t‘ locd ri;itiitiia b-ith no wlatioti 10 
t!x chr0tif;ttO~r;tPfliC peaks couttl be obtaincct. This ctlict X.ilt!tS in S;oIllc i~t_ti~CtiOIl~ll 

pm-xtiictcrs r!e\oid of Scwt‘_ Such 35 2 tiegalik2 st~tncktrd de\.-iation. 

TABLE \‘I1 

C‘O\lI’.-\RISON <)F RESULTS 013TAlSED \\‘lTH SOklE FUXCTIOXS 

_%_oo 
;5_1m 

35.50 

ih.00 
27.05 

_~7.50 
~S.UO 
X.50 
3’~.UO 

-iO.UU 
4 l_OO 
-l2_UU 
43.UO 
-&?.UU 
-lh.UU 
15_UU 
50.00 
52.00 
51.00 
s-dIU 

____~ .-- _---_ .- ..~ _~.___. _. 



(a) f 

Y. 

Fig_ 1. Shnpss of experiments1 (-------- ) and caJcuIated f- - - -) f3tin.g peaks for acetic acid_ 

Flow-rates of carrier gas: UJ. 60 mfcmin: fh), 30 mljmin; (cl, IS mJ$Gn. 
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